Multivariable Calculus
15.4 Differentiability and Tangent Planes

*locally linear - if its graph looks flatter and flatter as we zoom in on point P (a, b, f(a, b))
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Equation of the Tangent Plane

If f(x,y) is locally linear at (g, b), then its tangent plane is
given by the equation

z =f(a, b) + f,(a, b)(x — a) + f,(a, b)(y -~ b)

1. Given that f(x,y) = 5x + 4y? is differentiable. Find the equation of the tangent plane at
,1).

Tx (X y) = + (“a@ 3y £(2,1) =5+
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2. Findatangent plane of the graph of f(x,y) =xy> +x? at (2,~2)
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3. What is the equation of the tangent plane at (1,1) to the surface 4 — x*> —y? = z.

F (%, 4) = -2 'pa(“'@:’z‘é SO, =YY= )

£, 00, D= -2 .P.a(t,v) = -7 =2
22 2-2(x =) —2(3_0
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a. Estimate f(1.1,0.9) given f(x,y) =z

FOL, 0.0 % =20 -2(e.9

= L’-'Zoz—\ax

= 2
Recall a tangent line in 2d:

B= Yo+ M (x=22)
This idea continues into multiple variables and dimensions so long as it is locally linear. Try to
write an equation that represents a linear approximation in 3d.

z2x$£o,0) + £, (0,5 (x-) «+ 'P% (oyb)(& -b)

Fla+ax, b+ Ay = £o,0) + £, (6,8 Ax + F (o,0) oy
We can also write the linear approximation in term of the change in f: Af = f(x,y) - f(q, bp

e
Af = f,(a,b)Ax +f,(a, b)Ay & suptroachng £(,B) over

Af = df, Ax = dx, Ay ~ dy

a v\%“ e.th ol or

= N = d—T _—d£
df = Af ~ f,(a, b)Ax + f(a, b)Ay }dxdx t Yool dviferenal

4. Use the linear approximation to estimate (3.93)%(1.01)*(1.98)™*
(3.93)° Cr.onN” (a8 o 2yt 27 = Py,

£(3.93 V.01, 1.98) o +C4, ), 2)
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32 + 2u(x-9) + \22:(5 -0 —16(2-2)

£(3.92 o1, 1.9%) ® 32 424 (393 -4) 1 128(ke1-1) - 1L (198 -2)

=32 +24(-0.07M +12%(0.0D) - (L (-0.02)

T 32 =1.L& +1.2% + 0.32

=
-

31.92
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5. Use differentials to find an approximate value for /1.03% + 1.98°

Mos* 41,982 > flx, ) = IXE £U.03,19%) = £, D)

-1 Gl
F'x CHNE “AL.—(’XZ-M(,SB) /ZC’Z’.)D -Fa(z,a)=-’2-(9(z+83) /2C352>
£, 020 = L (1+x)772 2 -Pa (LD = -ii(l-t-%)_!’z(\z)
= oD = - .
6. Find the total di}%e)ren;)al of Wé%(sy3+xzz4 = (Vo) 01D =22
dw= A 9%+ 4 4y + dw da
% dy oz

or W, 4% + W Cta -+ m%d'-z

4
dw = (5x"y2+ 202 Ddx + (3x°9?) dyg + (4x"2%) 4z

7. Estimate the amount of material in a closed can (right circular cylinder) with a radius of 3
inches and a height of 8 inches if the material of the can is 0.04 inches thick.

(== VETe 2 P - _
| | = - .
N ©-04 = 2(-0.04)
V. = 27 dv=N_ dr + V_ dn . —0.0%
N oo
V. (3 8)=2TXE) AV = 487 (-0.04) + 97 (-0.0%) top » Dolom
= URT \os\h% Q.04 N
2 = =204
\/h—. wr
v, 38 = AT ndv=N03,8) -Vvi3.04 3, 0%)
o
#5  conhnued
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L0, 70 1+ =3

-F('x,@ 23+ p(x-1) + 2.(% -2)
£ .03, V. 98) % 3« Y103 =) + 201.9% -2)

= 3+ la(0.0%) +2(-0.02)
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Nleyn) = 727+ B8 (=D + G (- §)

\l(z.%/ 7.92) % 7247 + 4877 (2.96-3) + 97 (Y

V(292,790 - v (s, )

V(2.92, 1.92) - 72+t T 4xwl-o. 64) +9n (-0.0%)

= m2.64TT



