Chapter 2

BC Calculus
1. What is the difference between a limit and a function value?
THEOREM 1 Properties of Limits
If L, M, ¢, and k are real numbers and
lim f(x) =L and lim g(x) = M, then
x—e r—e
1. Sum Rule: lim (f(x) + g(x)) =L+ M
X—C
The limit of the sum of two functions is the sum of their limits.
2. Difference Rule: lim (f(x) —gx) =L—M
XN=rC
The limit of the difference of two functions is the difference of their limits.
3. Product Rule: lim (f(x)-g(x))=L-M
XA—=3C
The limit of a product of two functions is the product of their limits.
4. Constant Multiple Rule: li_l}'n (kef(x))=k-L
X=rcC
The limit of a constant times a function is the constant times the limit of the
function.
'L
5. Quotient Rule: lim fx) =— M+0
A= g(_’[) M
The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.
6. Power Rule: If r and s are integers, s # 0, then
lim (f(x))"” = L'~
X—¢
provided that L”* is a real number.
The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.
lim s;m)c=1 lim l—cosx= 0 lim tanx=1
x—0 X x—0 X x—=0 X
1—cosax _

lim & _24 lim 0 lim
=0  hx b x—=0 bx =0 bx b

tanax a
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2. lim x — 5= 3. lim x — 5= 4, lirr51 Jx — 5=
x-5" x-5" x=
3—x x<-3
5. Use the piecewise function f(x)=1 2x+12 -3<x<4  for the limits below:
9 x=4
a. lim f(x) = d. lim f(x) = g. lim f(x) =
x->—3" x—4 x-7"
b. lim f(x) = e. lim f(x) = h. lim f(x) =
x4 x—>—3 x—>—=5
c. xljr_nB_ f(x) = f. lim f(x) = i lim f(x) =

A function f(x) has a limit as xapproaches cif and only if the right-hand and left ~hand limits at cexist
and are equal.

limf(x) =L & lim f(x) =L and lim f(x) =L
...x . Al x=Ct Xl

3. Find the limits below using the graph:

a. f(1) = d. lim f(x) =

x—2 ¢
b. lim f(x) = y=fe
x-1

e. lim f(x) =

c. lim f(x) =
i £ f(4) = ‘
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Sandwich Theorem
Ifg(x) < f(x) < h(x) forall x # cin some
interval about ¢, and
lim g(x) = lim h(x) = L
X—C X—C
then
lim f(x) =L

X—C

(&)

17.Show that lim x2 sin % =0

x—0

Horizontal Asymptote:

The line y = b is a horizontal asymptote of the graph of a function y = f(x) if either
lim f(x) = bor lim f(x) =b
X—00 X——00

“Rules”

1) If the denominator is a larger degree than the numerator the limit =

2) If the numerator is a larger degree than the denominator the limit =

3) If the numerator and denominator have the same degree than the limit =

. 2x2+3
a. lim ——=
x—00 5x =7

x—oo 3x +1
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li 4x° _ d li %’ —
¢ x—l>r—noo 8—3x2 - ' x—l>r—noo 3x-1
Vertical Asymptote:

The line x = a is a vertical asymptote of the graph of a function y = f(x) if either
lim f(x) =+ oor lim f(x) =+ o

+ —
xX—a x—a

Unbounded Behavior

3__
2__
.1
1 lim— =
x—=0 x
——
1 2 3
3) Oscillating Behavior *Exception to Oscillating Behavior
y
| . z \/\vA’ Iavf\\/
. 1
limxsin—=
x—0 X
1. lim == 3. lim =
+ x=7 X7 X=7 .
x=7 5. lim —~ =
x—8 (x—8)
1 : —
2 lim —— = 4, lim =
o7 X7 =3 (x-3)° 6. lim tanx =

x>
2
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Continuity
A function is continuous if:
1. Discontinuity: 3. Discontinuity:
A .
|
|‘ |‘,\'::l.rl = -\_I:
/\ [\
f \
- VARG
- 0 *
2. Discontinuity: 4. Discontinuity:

\ Iy

2. Find the points of continuity and the points of discontinuity of the function. Identify
each type of discontinuity.
a. y= x+1

x2—4x+3
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Intermediate Value Theorem
A function y = f(x) that is continuous on a closed interval [a, b] takes on every value
between f(a) and f(b). In other words if Y, is between f(a) and f(b), then Y, = f(c) for

some cin [a, b].
v = flx)

2. Find each point of discontinuity for the function below. Then if there are any,
determine if the discontinuities are removable.

—2x, x<2

161

X -4x+1, x>2

3. What value should be assigned to k to make f a continuous function?

x2+2x— 15
flx)= x—3 '
k. x=3

x¥F3
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Slope of the tangent Line to a Curve ata
Point

The slope of the tangent line to the graph of
a functiony = f(x) at (a, f(a)) is given s fix)
by: fla+h)

.

m = lim /
tan h—0 s

Provided that this limit exists. This limit ,,f’f
describes: fla)+ @
|
a

e The slope of the graph of f at
(a, f(a))

e The instantaneous rate of change of
f with respectto x ata

1. Find the derivative of the following:

3 3
2. lim W
h—-0
Average Rate of Change:

The average rate of change of f from x = atox = a + his given by the difference

quotient:

flath)—f(a)
h

Instantaneous Rate of Change:
The instantaneous rate of change of f with respect to x at a is the derivative of fata
lim flath)—f(a)
h

x—a




