SOLUTIONS TO PRACTICE PROBLEM SET 17

. ) 3
. ' 4
Recall UHépital’s Rule: If f(c)=g(c)=0, or if f(c)=g(c)=co, and if f’(c)and g'(c) ]
' exist, and if g’(¢) # 0, then lim f(x) = lim f, (x) . Here f(x)=sin3x, and g(x)=sin4x, and
. = g(x) = g'(x)
sin0 = 0. This means.that we can use UHdpital’s Rule to find the limit. We take the derivative of
L
) . sin3x .. 3cos3x . . |
g the numerator and the denominator: lim =lim . If we take the new limit, we get
| —0sindx 0 4cosdx
im 3cos3x _,.‘\}cos0'_ (3)(1) _3
=0 4cosdx 4cosO (4)(1) 4
i
:I 2. -1
1 Recall UHbpital’s Rule: If f(c)=g(c)=0, or if f(c)=g(c)=2, and if f’(c)and g’(c) exist,
) ,
- and ifg’(c)#0, then lim f(x) =lim f, (x) . Here f(x)=x—-m and g(x)=sinx. We can se¢
l Xy g(x) x—=c g (x) .
r that x — 7 = 0 when x = 7, and that sinz = 0. This means that we can use UHépital’s Rule to find
| -
o : -
I the limit. We take the derivative of the numerator and the denominator: lim Z = lim L
Y - { =1 sinx  *2TCOSX
we take the new limit, we get lim =1 _1_ -1,
« #oncosx cosm —l
1
1
{ ht
| 3. G
| \

N Recall UHoépital’s Rule: If £ (c) = g(¢) =0, or if f (c)=g(c) =20, and if f’(c)and g’(c) exist,

A §

F and ifg’(¢)#0, then limf(x) = lim f’((x)) . Here f(x)=x-sinxand g(x)= . We can see
| X g x x= g X

| , that x —sinx =0 whenx =0, and that 0°> = 0. This means that we can use L'Hbépital’s Rule to find
.

g the limit. We take the derivative of the numerator and the denominator: lim~———=lim 3
! x~0 X *=0 X

1- 1-cosO 1-1
If we take the new limit, we get lim cosx 1T = —-, But this is still indeterminate,

>0 3x” - 3(0)2 - 0
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so what do we do? Use UHépital’s Rule again! We take the derivative of the numerator and

. . l—=cosx . sinx L. , sinx sin0 O
the denominator: lim >— =lim . If we. take the limit, we get lim——=——=—.
x—=0 3x x—0 Gx x—0 6x 6(0) 0
s . . . sinx . cosx . .
We need to use U'Hépital’s Rule one more time. We get lmé— = hné . Now, if we take
x> x x=

cosx cosO 1 . , - . . .
=5 Notice that if U'Hépital’s Rule results in an indeterminate

the limit, et li
¢ limit, we get lim G G

! . . . .
form, we can usel the rule again and again (but not infinitely often).

-2

Recall UHopital’s Rule: If f(c)=g(c)=0, or if f(c)=g(c)=o°, and if f’(c)and g (c)

exist, and if ¢(c)#0, then limf(x)=limf (x) Here x)=e* - and g(x)=x. We
4 7 £
X g(x) x—c g (x)

can see that ¢ —'¢™ =0 whenx=0, and that the denominator is obviously zero atx=0.

This means that we can use LU'Hépital’s Rule to find the limit. We take the derivative of the

. . e.’vx — eSx . 3e3x _ SeSx o
numerator and the denominator: lm& = lmg ! . If we take the new limit, we get
x—> x x—
3x _ g 5% 0_ g0 1)— 1
limBe Se _3e —5e ___3() 5()=_2.
x—0 1 1 1
-2

* Recall CHépital’s Rule: If £ (c)= g(c)=0, or if f(c)=g(c)=c0, and if f "(c) and g’(c)

exist, and if g’(c) # 0, then lim f(x) =lim £1(x)

——~ . Here f(x)=tanx—xand g(x)=sinx—x.
x—ec g(x) X=c g (x)

We can see that tanx—x=0 and sinx—x=0 whenx=0. This means that we can use

L'Hépital’s Rule to find the limit. We take the derivative of the numerator and the denominator:

2 o 5 _

anx—x -1 -1 0)-1 1-1
lim e'mx =lim =% .Ifwe take the new limit, we get lim = X == (0) =
=0 ginx—x *0 cosx—1 0 cosx—1 Cos(O)—l 1-1

0
>
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But this is still indeterminate, so what do we do? Use I’Hépital’s Rule again! We take the derivative
P g

. sec’x~1 . 2secx(secxtanx) . 2sec? xtanx
of the numerator and the denominator: lim =lim - = lim ——————2
\ >0 cosx—1 x—0 —sinx #*=0  —ginx

2
If we take the limit, ‘we get lim*zﬁc—(%m—(o—) =0 - At this point you might be getting nervous

-0 —sin (0)

as the derivatives start to get messier. Let’s tr using trigonometric identities to simplify the limit,
g y 24 p

1 sinx
5 .
) . . 2sec” xtanx cos’ x /\ cosx
If we rewrite the numerator in terms of sin x and cos x, we get - = - <,
—sinx —sinx
2( 1 J ( sinx ) sinx
2 3 .
. . cos” x /\ cosx S sinx 1 ~2
We can simplify this to - =-2L5 X This simplifies to —2 =
—sinx sinx cos’ xsinx  cos’ x
-2 -2 -2

Now, if we take the limit, we get lim =E—=—=-2
’ ’ 8 =0cos’x  cos’ (O) 1

Note that we could have used trigonometric identities on either of the first two limits as well.
Remember that when you have a limit that is an indeterminate form, you can sometimes use
algebra or trigonometric identities (or both) to simplify the limit. Sometimes this will get rid of the

problem.

6. 0

N Recall U'Hépital’s Rule: Iff(c)=g(c)=0, or iff(c)=g(c)=o0, and if f'(c)and g’(c)

exist, and ifg’(c)#0, then lim f(x) = lim f’ (x) . Here f(x)=x"and 2(x)=¢. Wey
X—c g(x) xX—c g (x)

can see that x’ = whenx=oco, and that ¢ =oo. This means that we can use L'Hépital’s

Rule to find the limit. We take the derivative of the numerator and the denominator:

5 4 4 4
x S5x . X - . . X o L
lim—=lim—= lim — . If we take the new limit, we get lim—=—. But this is still
x—peo p?* x—yoo Se o x—es e * ) x—0 esx oo

indeterminate, so what do we do? Use I’ Hoépital’s Rule again! We take the derivative of the
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4 3
: Lox . 4x . .
numerator and the denominator: lim — = hmsT. We are going to need to use I'Hépital’s
X—¥c0 e’ . X0 Yo

Rule again. In fact, we can see that each time we use the rule we are reducing the power of the

x in the numerator and that we are going to need to keep doing so until the x term is gone. Let’s

3 2 g2
1 12 4
take the derivative: lim 43; = lim 2x5 . And again: lim xs = 'mz":. And one more
#2570 xom 25077 x9025¢°"  x=]125"
24x . 24

time: lim

= 24
<= 12505 Am 6255 Now, if we take the limit, we get lim———=0. Notice that

¥ (6256

if U'Hépital’s Rule results in an indeterminate form, we can use the rule again and again (but not

infinitely often).
1
7

Recall I'Hépital’s Rule: If f(c)= 2(c)=0, or if f(c)= glc)=o, and if f'(e) and g’(c)

exist, and ifg’(c)#0, then lim f(x) =lim f, (x) . Here f(x)=x"+4x*-8and
xX—¢ g(x) X3 g (x)

2(x)=7x" = 3x* —1. We can see that »° +4x> —8 = oo and 7x’ —3x” —1=oco whenx=oo. This
means that we can use I'Hépital’s Rule to find the limit. We take the derivative of the numera-

. . x +4x° -8 o 5xt 41242
tor and the denominator: lim =lim—F——

-5 -5 —=lim - . If we take the new limit, we get
e 7y’ —3x° —1 2= 355% Gy

" 5x% +12x%

(= o)
m —————— = —. But this is still indeterminate, so what do we do? Use L'Hépital’s Rule again!
20 35x% —6x oo

4 2 3
.. _ . 5x% +12x . 20x7 +24x
We take the derivative of the numerator and the denominator: lim i = lim————
#2= 35x" —6x = 140x° -6
We are going to need to use LHépital’s Rule again. In fact, we can see that each time we use
the rule we are reducing the power of the x terms in the numerator and denominator and that

we are going to need to keep doing so until the x terms are gone. Let’s take the derivative:
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20x° + 24x 60x* +24 L 60x*+24 120x
lim —140x TG Mo And again, 12130 1205 =lim 840x " . Now we can take the
e 120x 1 . TTIA D . . .
limit: lim = lim = = — . Notice that if CHbpital’s Rule results in an indeterminate form, we
—=840x xo=7 7

can use the rule again and again (but not infinitely often).

Recall UHépital’s Rule: If f(c)=g(c)=0, or if f(c)=g(c)=o, and if f'(c)and g’(c)

exist, and if g’(c) # 0, then. llmf( )_l f( )

el g e S

n(sinx) and g(x) =In(tanx),

and both of these approach infinity as x approaches 0 from the right. This means that we

can use U'Hopital’s Rule to find the limit. We take the derivative of the numerator and the

cos x
In(sin x
denominator: lim (—)=~ lim imz—x Let’s use trigonometric identities to simplify the
=" In(tanx) =0 sec? x
tan x
. COSX sinx
L6 _COSX tanx _ cosx 1 . .
limit: sz X C052 X —. Now, if we take the new limit, we get
sec’x  sinx sec’x sinx sec’x sec’x
tanx
1
lim ——=1,
#—0" sec” x
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Do | =

Recall L’Hépital’s Rule: If f(c)=g(c)=0, or iff(c)=g(c)=c, and if f’(¢) and

fx) . f(®)

g’(c) exist, and if g"(c)#O, then lim=——~=lim=———~. Here flx) = cot 2x and
( ) x—=c¢ g(x) X3 g (x)

g(®) = cot x, and both of these approach infinity as x approaches 0 from the right. This

means that we can use U'Hbpital’s Rule to find the limit. We take the derivative of the

. . cot2x . —2cot2xcsc2x
numerator and the denominator: lim = lim :
*=0" cotx x—0" —cotxcscx

This seems to be

worse than what we started with. Instead, let’s use trigonometric identities to simplify the

cos2x
S — . 2 . 2 .
cot2x gin2x COs2x sinx  cos”x—sin” x sinx

limit: - - =— Notice that our problem is
cotx COSs X sin2x cosx 2sinxcosx cosx

sin x

with sin x as x approaches zero (because it becomes zero), not with cos x. As long as we are
multiplying the numerator and denominator by sin x, we are going to get an indetermi-

nate form. So, thanks to trigonometric identities, we can eliminate' the problem term:

. . 2 . .
cos® x—sin’ x sinx  cos” x —sin’ x . ) . . )
—— = 2 . If we take the limit of this expression, it is not indetermi-
2sinxcosx cosx 2cos” x

. 2 .
. cos’x—sin’x cos’0—sin’0 1°-0
nate. We get lim = =

. : 5 =— . Notice that we didn’t need to use
=00 2cos’ x 2c05°0  2(1?)

1
2

L’Hépital’s Rule here. You should bear in mind that just because a limit is indeterminate does not

mean that the best way to evaluate it is with T'Hépital’s Rule.
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10. 1

Recall UHépital’s Rule: If f(c)=g(c)=0, or if f(c)=g(c)=co, and if f’(c)and g'(c)

exist, and if g'(c) #0, then lim f(x) =lim f, (x) . Here £ (x) = x and g(x) =In (x + 1) )
X3¢ g(x) x=¥ g (x)

and both of these approach zero as x approaches 0 from the right. This means that we can use

": L'Hépital’s Rule to find the limit. We take the derivative of the numerator and the denominator:

' lim S lim (% +1). Now, if we take the new limit, we get lim (x+1)=1.
a0t 1 x—0* ) x—0*
x+1

SOLUTIONS TO UNIT 2 DRILL
1. y—4d=—(x-2) :

Remember that the equation of a line through a point (xl , }’1) with slope m is y — 5, = m(x - % )
We find the y-coordinate by plugging x = 2 into the equation y = /8x , and we find the slope by

plugging x = 2 into the derivative of the equation.

First, we find the y-coordinate, y,: y = 1/8(2) = 4. 'This means that the line passes through the

point (2, 4) .

4
Next, we take the derivative: ——=—=" Now, we can find the slope, m: 2| =——=_
V8x del,., [8(2)

! However, this is the slope of the zangent line. The normal line is perpendicular to the tangent liney

=1.

so its slope will be the negative reciprocal of the tangent line’s slope. In this case, the slope of the
] normal line is :1-1 =—1. Finally, we plug in the point (2, 4) and the slope 7 =—1 to get the equa-

tion of the normal line: y — 4 = —(x - 2) .
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